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PREFACE

The woods are lovely, dark and deep.
But I have promises to keep, and

miles to go before I sleep
- Robert Frost

Respected Principals, Correspondents, Head Masters / Head Mistresses, Teachers, and
dear Students.

From the bottom of our heart, we at SURA Publications sincerely thank you for the support
and patronage that you have extended to us for more than a decade.

It is in our sincerest effort we take the pride of releasing SURA’S Business Mathematics
and Statistics for +2 Standard. This guide has been authored and edited by qualified teachers
having teaching experience for over a decade in their respective subject fields. This Guide has
been reviewed by reputed Professors who are currently serving as Head of the Department in
esteemed Universities and Colleges.

With due respect to Teachers, I would like to mention that this guide will serve as a teaching
companion to qualified teachers. Also, this guide will be an excellent learning companion to
students with exhaustive exercises, additional problems and 1 marks as per new model in
addition to precise answers for exercise problems.

In complete cognizance of the dedicated role of Teachers, I completely believe that our
students will learn the subject effectively with this guide and prove their excellence in Board
Examinations.

I once again sincerely thank the Teachers, Parents and Students for supporting and valuing

our efforts.
God Bless all.
Subash Raj, B.E., M.S.

- Publisher
Sura Publications
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Chapter

APPLICATIONS OF
MATRICES AND

DETERMINANTS
Y chapreR snapshor N

The rank of a matrix A is the order of the largest non-zero minor of A and is denoted by p (A).
(i) pA)=0.
(if) If Alisa matrix of order m x n, then p (A) < min {m, n}.
(iif) Rank of a zero matrix is 0.
(iv) The rank of a non - singular matrix of order n x n is “n”’.
Elementary transformations :
(i) Interchange any two rows (or columns)
R, & Rj C e Cj)
(if) Multiplication of each element of a row (or column) by any non-zero scalar K.
R, —kR;(orC; > k()
(iif) Addition to the elements of any row (or column) the same scalar multiples of corresponding
elements of any other row (or column).
Ri—>Ri+kRj (orC;— C, +kC)
Equivalent matrices:

Rank of a matrix :-

Two matrices A and B are said to be equivalent if one is obtained from the another by applying a
finite number of elementary transformations.

A=b
Echelon form :

A matrix A of order m % n is said to be in echelon form if
(i) Every row of A which has all its entries 0 occurs below every row which has a non - zero entry.

(if) The number of zeros before the first non - zero element in a row is less than the number of such
zeros in the next row.

Transition matrix :
The transition probabilities ij satisfy ij >0, E ij =1forallj
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o Y Sura’s = XII Std = Business Mathematics and Statistics

y| FORMULAE TO REMEMBER |\

1. Linear equations can be written in matrix ~ * 3. Solvine non-homogeneous linear equations
form AX = B, then the solutionis X = A" B, 1 : b Crailer’s rule & q
provided |A| # 0. ! M '
+hy+cz=
2. Consistency of non homogeneous linear : If ax+by+cz=d,
equations by rank method. : ax+by+c,z=d,
() Ifp([AB]) =p(A), then the equations are | ax+by+cz=d,
consistent. I
1 a b q d b ¢
(i) If p(JA,B]) = p(A) =n, where n is the | ThenA= o b, c)|=0.MX=|d, b, o
number of variables then the equations are ! as by o dy by
consistent and have unique solution. I
: ' d b d
(iii) I p([A,B]) = p(A) <n, then the equations | Ay = Y & Az = o
g Y=la, dy ¢ =la, b, d,
are consistent and have infinitely many I
solutions. | as dy ¢ as by d
1
(iv) pr([A,B]) # p(A), then the equations are | Then x = ﬂ, y= Ay and z = Az
inconsistent and has no solution. P A A A
TEXTUAL QUESTIONS ' . L
, (i1) LetA = 3 6
_____ LTITIB. | oueoraisze
) ] ) | ~. p (A) £2[Since minimum of (2, 2) is 2]
1. Findthe rankofeach of the following matrices. ) Consider the second order minor,
1 -1
s 6 11 ! ‘ = 6-(-3)
i i
® 7 8 ()3—6J ! 370 = _6+3
2 -1 1 1 ) ) = -3z 0. o
) ere is a minor of order 2, which is not zero
1 4 h & 5 | Th f order 2, which t
iii —
Giiy ! 8] (iv) | LA = 2.
L1 1 1 (ii1) LetA = [; g] [QY-2019]
1
-1 2 =2 12 -1 3 ! , , o _
W) 4 34 4 i) |2 1 2 | Order of A is 2 x 2 [Since minimum of (2,2) is 2]
2 4 —4 3 3 7 : Consider the second order minor ‘
! - 8-8 28
(31 -5 -1 (123 4 — 0.
vii viii) | _ 1 - . . .
VDl -2 1 s (Vi) f ‘2' 71 63 | Since the second order minor vanishes, p(A) # 2
'\ | Consider a first order minor 1| # 0
Sol : (i) LetA = [5 6 | There is a minor of order 1, which is not zero
. 8 ~p(A) = 1.
Order of Ais 2 x 2 | P(A)
- p (A) £2 [Since minimum of (2, 2) is 2] : 2 -1 1
Consider the second order minor, ! (iv) LetA = (3 1 -5
56 ! 1 1 1
7 8 4(2);402 1 [PTA- 1; Aug.-2021]
= _ . 1
There is a minor of order 2, which is not zero : The order of Ais 3 x 3
Sp(A) =2 l .~ p(A) <3 [Since minimum of (3, 3) is 3]
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The order of Ais 3 x 4
- p(A) £ 3 [Since minimum of (3, 4) is 3]

w Sura’s " Xl Std - Unit 1 = Applications of Matrices and determinants o
Let us transform the matrix A to an echelon form T i Elementary
~ Matrix A ;
Elementary ! Transformation
Matrix A ? i
Transformation i 1 -2 2
i
2 -1 1 i ~10 5 —4 R, - R,-4R;
1
A=|3 1 -5 i -2 4 —4
1
1 1 | 1 -2 2
I <o s -4 R, >R, + 2R,
~[3 1 =5 R, &R, ; 0 0 0
I
2 -0 : The matrix is in echelon form and the number
1 1 1 i of non-zero rows is 2.
R2 — R2 — 3Rl i . _
0 -3 -1 | 12 -1 3
11 1 b (vi) LetA = |2 4 1 -2
~10 -1 —4 R,>R,+2 : 36 3 —7
0 —3 —1 : The order of Ais 3 x 4
: .~ p(A) £ 3 [Since minimum of (3, 3) is 3]
11 1 i Let us transform the matrix to an echelon form.
~ _ _ _ 1 ;
0 -1 —4 Ry >Ry -3R, i Matrix A Elementary
0 0 11 i Transformation
1
This matrix is in echelon from and number of non- : 1 2 —1 3
Zero rows is 3. : A=12 4 1 =2
~op(A) = 3. | 36 3 7
-1 2 -2 !
i 1 2 -1 3
) LetA = |4 -3 4 i Zlo o e R, >R, 2R
0 4 _a ! 2 2 1
i 3 6 —7
The order of Ais 3 x 3 : 1 2 -1 3
- p(A) <3 [Since minimum of (3, 3) is 3] : ~1lo0 o 3 =8 R3 - R3 -3R,
Let us transform the matrix to an echelon form. : 00 6 -—16
1
Matrix A Elementary ! 1 2 -1 3
Transformation i
| ~00 3 -8 R, — R, 2R,
VY oo o o
A=|4 -3 4 i
]
-2 4 4 i The matrix is in echelon form and the number of
1 .
i non- zero rows 1s 2.
1 -2 2 !
4 -3 4 R, >R, (1) | LA 2
- ot | 301 =5 —1
—2 4 —4 b
L (vii) A=11 -2 1 -5
; 1 5 -7 2
i

¢
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o Y Sura’s = XII Std = Business Mathematics and Statistics
Let us transform the matrix A to an echelon form.‘:' 1 1 -1 1 -2 3
: 3 -2 3 5 1 -1
3o = -l : then find the rank of AB and the rank of BA.
A={1 =2 1 =5 ' ol -
15 -7 2 T 11 -1 1 -2 3
1 5 -7 2 : GivenA=|2 -3 4 |andB=|—2 4 -6
~l1 2 1 =5 R, &R, | 3 -2 3 51—l
1
31 =5 -1 : 1 1 -1 1 -2 3
15 -7 2 | AB = _ _ _
o Sl R, R, R, ! 2 -3 4|2 4 -6
! 3 -2 3 5 1 -1
31 -5 -1 :
s 1 o | 1-2-5  —244-1 3-6+1
“lo 7 & _7 R, >R, 3R, ! =1246+20 —4-12+4 6+18—4
0 —14 16 —7 ! 344415 —6-8+3 9+12-3
15 -7 2 : -6 1 -2
~lo -7 8 -7 R, >R,~ 2R, I AB=[28 —12 20
00 0 7 : 22 —11 18
The matrix is in echelon form and the number of Elementar
non-zero matrix is 3. | Matrix (AB) y
L p(A) = 3 | Transformation
1 2.3 4 \ -6 1 =2
(viii) A=|-2 4 -1 -3 | AB=|28 —12 20
1 2 7 6 : 2 11 18
The order of Ais 3 x 4 | 1 -6 -2
p(A)Smmlmumof(3., 4)=p(A)<3 ! ~1_12 28 20 C, o0,
Let us transform the matrix A to an echelon form. ! 11 22 18
X _
. Elementary '
Matrix A Transformation | =6 =2
. 2 3 4 ! ~| 0 —44 —4 R, >R, +12R,
=2 4 -1 -3 | —11 22 18
-1 2 7 6 ! 1 -6 -2
1 =23 4 ! ~0 —44 —4 R, — R, +1IR,
~10 0 55 R, > R,+2R, ! 0 —44 —4
1_1—22 37 f : Lo 2
~lo 0o 5 5 R. 5R.+R | ~ 0 —44 4 R 2Ry =Ry
3 73Ty I 0 0 0
0 0 10 10 !
1 -2 3 4 ! The matrix is in echelon form and the number of
~lo 0 5 5 R, >R, 2R, : Nnon-zero rows is 2.
0 0 0 0 ! - p(AB) = 2.
1
The matrix is in echelon form and the number of 1 =2 31 1 -~
non- zero rows is 2. : Now, BA=|-2 4 —6{|2 -3 4
- p(A) = 2. ! 5 1 —1)3 —2 3

[ ]
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4. Show that the equations 5x + 3y + 7z = 4,
3X + 26y +22 =9, 7x + 2y + 10z = 5 are
consistent and solve them by rank method.

Sol : Given non-homogeneous equations are

5x+3y+7z = 4

3X+26y + 2z

9

w Sura’s " Xl Std - Unit 1 = Applications of Matrices and determinants o
1-44+9  1+6-6 —1-8+9) Y| Augmented matrix Elementary
| 248-18 —2-12412 24+16—18] | [AB] Transformation
542-3 5-34+2  —544-3), b9
6 1 0 : 25 7 52
1 21 -1 0
= |—-12 =2 0 1
1 1 1 1 9
44 o~ lo 3 s 34 R, =R, —2R,
1 R, —>R,-2R
Matrix (BA) Elementary ! 0 -1 =3 —I8 ’ ’ !
Transformation I 11 1 9
1
6 1 0 : 0 3 5 34 R3 - 3R3+ R2
| 0 0 —4 —20
BA=|-12 -2 0 . .
1
4 4 4 tlTloos s SP(A)=3
1 6 0 : 00 4
-2 —12 0 C, G, | 1119
4 4 _4 . Since augmented matrix [A, B]~ [0 3 5 34
| 0 0 —4 —20
1 6 0 1 has three non-zero rows, p([A,B]) = 3.
1
~ 0 0 R, >R, + 2R, i That is, p(A) = p([A,B]) = 3 = number of unknowns.
4 —4 | So the given system is consistent and has unique
! solution.
I 6 0 i To find the solution, we rewrite the echelon form into
1o o o R, >R, 4R, | the matrix form. .
0 —20 —4 ! N
| 03 5|y 34
The number of non-zero rows is 2. | 0 0 14 f B 9*20 {
- p(BA) = 2. ! = Xty+z = (D)
| 3y+5z = 34 ..(2)
3. Solve the following system of equations by ! -4z = -20 ..(3)
rank method x +y+z=9,2x+ 5y + 72 =52, , 3)= —4z = 20
2x-y-2=0 : -20
Sol : The given equations are X +y +z = 9, | Z = —4 5
2X+5y+72=52,2x-—y-z=0 | 2)= 3y+5(5 = 34
The matrix equation corresponding to the given 1 = 3y+25 = 34=3y=34-25
. ! 9
system is ! N Jy = 9 = y= -
111 )\(x 9 . y = 3. 3
25 7|yl = |52 ! ()= x+3+5 =9
21 —1llz 0 I = X+8 = 9 =X=9-8=x=1
: - x=1, y=3,z="5Iis the unique solution of the
A X = B I given equations.
1
1
I
1
1
1
1
1
1

orders@surabooks
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o Y Sura’s = XII Std = Business Mathematics and Statistics
The matrix equation corresponding to the given T 26 2 3
system is | '3 3
5 3 7)x 4 : . —1 1 = |1
326 2|yl = |9 1 30 3|z 0
1
7 2 10|z 5 | 0 0 0
1
A X = B | 26 2
3 7 ! X+ 3 y+3 =3 .. (1)
Augmented matrix [A, B]=[3 26 2 | —11 1
Augmented matrix Elementary : letz=k; where k € R
i ! —11 k
[A, B] Transformation | 2) = : y+ 3 - 1
ST ! 11 kK  —3-k
1 — — 4 —
326 2 9 X N —y = 1--=—7"
7 2 10 5 ! 3 304
326 2 9 ! = -1y = 3-k
5 3 7 4 R, <R, ! = 1ly = 3+k
7 2 10 5 ! 1
= —(3+k
I ! = y ; TR
- - 1
- 3 , ! Substitutingy =-—3 + k) and z =k in (1) we
get,
7 2 10 5 : N % 34k ) 2 ¢
1 26 2 3 \ 3 11 3
0 —121 11 11 R2—>R2*5R1 : 3 11 3
3 3 X e 2k e N
2 2 10 5 | _—78-26k 2K 4 78 — 26k — 22k +99
! 33 3 33
1 % % 3 L 21-48k _ 3(7—16k)
~ —121 11 | 1 33 33
0 —= 5 -u R, >R,- 7R, ! K= (716K
o ZI0 16 46 | - Solutionsetis {— (7—16k), — (3 +K).kbke R
3 ! N 11 11 ’ '
L %2, i Hence, for different values of k, we get infinitely
303 | many solutions.
~lg =1L R,—»R,+11 I'5. Show that the following system of equations
3 3 R,—» R, 16 I have unique solution: x +y+z=3,x + 2y + 3z
o =1 1 | =4, X+ 4y + 9z = 6 by rank method. [QY-2019]
33 ' Sol : Given non-homogeneous equations are
1 26 2 3 1 X+y+z = 3
- 303 : X+2y+3z = 4
o -1 L R,—>R,-R, ! X+4y+9z = 6
3 3 I The matrix equation corresponding to the given
0 0 0 0 | system is
Here p(A) = p(A, B) = 2 <Number of unknowns. | I 1 1)x 3
- The system is consistent with infinitely many | 1 2 3|yl = |4
solutions let us rewrite the above echelon form 1 4 9]z 6
into matrix form. é
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w Sura’s " Xl Std - Unit 1 = Applications of Matrices and determinants 0
A X =B T The matrix equation corresponding to the given
Augmented matrix Elementary ! system Is
[A, B] Transformation I 3 -1 A)(«x 1
1 —
1113 ! 21 Lyl = ]2
1 2 3 4 : 1 2 —}\, z —1
1 496 : A X = B
X -
L Ry, >R —Ry ! Augme['r;\teg]matrlx TrELesToerr;;Zg’on
~10 1 2 1 ,
R3 — R3 -R; :
0 3 8 3 vl (3 -1 A1
1113 : 11 2
~01 21 R,—>R,~3R, [, 2 -k -l
0020 (12 o -l
' R, &R
Clearly the last equivalent matrix is in echelon | |~ 2 I &2 1 3
form and it has three non-zero rows. | 3.1 A 1
. p(A)=3and p([A, B]) =3 : 1 2 -2 -1
=p(A) =p([A, B]) = 3=Numberofunknowns. ' | _ o -3 1+2)0 4 R,—>R,-2R;
.. The given system is consistent and has unique ! 3 1 A 1
solution. 1
. . ! I 2 |
To find the solution, let us rewrite the above
echelon form into the matrix form. L1003 1420 4 R, = R;—3R,
11 1)(x 3 |\ 7 a 4
1
01 2|yl = |1 \
1 2 - -1
00 2z 0 ! 1 ;“x ) R R s
! + ->R, =+
- X+y+z = 3 () r~]o =1 = 2
1 3 3 R,—>R,+7
y+2z = 1 .(2) 0 1
22 = 0 .3, 0o -1 2% Z
0 1 7 7
B)=22=0=z = - =0 \
2 ' A 1
2Q)=2y+2(0)=1=2y+0=1=y=1-0=1 ' b2 B B
! 1+2% 4
(= x+1+0 =3 V=10 -l 3 3 R, > R,~R,
= X+ 1 3 !
- —7-20 -1
= X = 3-1 O 721 A 2—16
1
= X = 2 1
- Solution is {2, 1, 0} : Since
. 4 1+2
6. For what values of the parameter A, will : —7”— + 2\
the following equations fail to have unique | 7 3
solution: 3x—y + Az =1, 2x +y + z = 2, ! — 120 -7 140 - —7-2\
X + 2y — Az = -1 by rank method. ! 21 21
1
Sol : Given non-homogeneous equations are | and 4 4 _ 12-28
-y+Aiz = 1 : 7 3 21
2X+y+z = 2 : _ -l6
X+2y—-Az = -1 1 21
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"4

So

Since the system is fail to have unique solution
either it can have infinitely many solution or it
may be inconsistent.

) —7-2Ah
. This can happen only when o 0.
= 721 = 0
= -7 = 2\
=7
= A= 7

The price of three commodities X,Y and Z are
X,y and z respectively Mr. Anand Purchases
6 units of Z and sells 2 units of X and 3 units of
Y. Mr. Amar Purchases a unit of Y and sells 3
units of X and 2units of Z. Mr. Amit Purchases
a unit of X and sells 3 units of Y and a unit of
Z. In the process they earn ¥ 5,000/-, ¥ 2,000/-
and ¥ 5,500/- respectively Find the prices per
unit of three commodities by rank method.
[PTA- 5]
:Given that the price of commodities X, Y and Z
are x, y and z respectively.
By the given data,

Transaction X |y z Earning
Mr. Anand +2 | +3 | -6 Rs. 5000
Mr. Amar +3 | -1 | +2 Rs. 2000
Mr. Amit -1 | +3 | +1 Rs. 5500

Here, purchasing is taken as negative symbol and
selling is taken as positive symbol.

Thus, the non-homogeneous equations are

2x+3y—6z = 5000
3x-y+2z = 2000
—X+3y+z = 5500

The matrix equation corresponding to the given

system is
2 3 —-6)\(x 5000
3 -1 2fy]|= 12000
-1 3 1)\ z 5500
A X = B

M

E’ﬂ Sura’s ' Xll Std " Business Mathematics and Statistics
Augmented matrix Elementary
[A, B] Transformation
2 3 -6 5,000
3 -1 2 2,000
-1 3 1 5,500
-1 3 1 5500
3 -1 2 2000 R, <R,
2 3 -6 5000
-1 3 1 5500 R, >R, +3R,
0 8 5 18500 R, >R, + 2R,
0 9 -4 16000
-1 3 1 5500 R, - 9R,
0 72 45 166500 R, — 8R,
0 72 -32 128000
-1 3 1 5500
0 72 45 166500 R,—>R,-R,
0 0 -77 -38500

é

p(A) = p([A, B]) = 3 = number of unknowns
so the system has unique solution.
.. The given system is equivalent to the matrix

equation.
-1 3 1) x 5500
0 72 45| y| = |166500
0 0 -77)\z —38500
—X+3y—z = 5500 .. (1)
72y + 452 = 166500  ...(2)
777 = -38500  ...(3)
3)= 777 = -38500
#£38500
= 7 = /77 =500
()= 72y +45(500) = 166500
= 72y +22,500 = 166500
= 72y = 166500 — 22500
= 72y = 144000
- _ 144000 y =2.000
72
(1) = —x + 3(2000) + 500 = 5500
= -x £6500 = 5500
—X = —5500— 6500
A x = £1000
X = 1000

. The prices per unit of the three commodities
are 1000, ¥ 2000 and ¥ 500.
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Chapter

=

INTEGRAL
CALCULUS-

y| FORMULAE TO REMEMBER [\

(i) Integration is the reverse process of differentiation
(i) Jkf(x)dx =k Jf(x) dx wherek is a constant.
(iii) J[f(x) g (¥)] dx = ] f(x)dx £ | g(x) dx
(iv) The following are the four principal methods of integration
(i) Integration by decomposition
(ii)  Integration by Parts
(iii) Integration by Substitution
(iv) Integration by successive reduction
First fundamental theorem of integral calculus :

If f(x) is a continuous function and F (x) = [ f(¢©)dt, then F'(x) = f (x).
Second fundamental theorem of integral galculus :

jf(x)dx =F (b) -F(a)

b X
J f(x)dx is a definite constant, whereas [ f£(¢)dt is a function of the variable x

a a

Indefinite integral :-

An integral function which is expressed without limits, and so containing an arbitrary constant.
Proper definite integral :-

An integral function which has both the limits. a and b are finite.
Improper definite integral :-

An integral function, in which the limits either a or b or both are infinite.
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2)

3)

4)

5)

7)

8)

9)

10)

11)

12)

13)

14)

15)

Gamma function :-

Forn=>0, ojox”_le_" dx and is denoted by I'(n)
0

n+1

fx”dx=x
n+1

+c,n# -1

(ax+ b)nJrl

I(ax+b)ndX: m

+c,n#-1

fldleog|x|+c
X

1
ax+b

]

dle log|ax+b|+cC
a
Jexdx =e*+c

1
a

[eax+bdy = = eax*by¢

X

[ axdx = +c,a>0anda#1

loga

J'amx+ndx —
a#l

mloga a™*M+c a>0and

[ sinx dx = —cosx + ¢

[sin(ax+b) dx ==  cos(ax+b)+c
a

[cos dx = sinx+c
[ cos (ax + b) dx =1 sin(ax+b) + ¢
a

[sec?xdx =tanx +¢

[ sec? (ax + b) dx -1 tan (ax + b) + ¢
a

[ cosec?x dx = —cotx +¢

. Y A

[ ]

16)

17)

18)

19)

20)

21)

22)

23)

24)

25)

26)

27)

28)

Jcosec? (ax+b) dx = — 2 cot (@ax+b) +c
a

[udv = uv -] vduwhere uand v are two
differentiable functions of x

[Integration by parts].

The code word used in the above formula
is

I — Inverse trigonometric function

L — Logarithmic function

A — Algebraic function

T — Trigonometric function

E — Exponential function

Bernoulli’s formula :
Judv=uv— u' v, +u”v,—u” v+

When u’u”u”.... are the successive

derivatives of u and V,V,V, ... are the

repeated integrals of v.

[TFOOI £/ () dx = M"‘Q n# -1
n+l

J'f(x) dx =log | f(x)| +¢

J\/fT f(0)+c

[eX[f(x)+f ()] dx=e*f(x)+c

e [af(x)+f" ()] dx=ef(x)+c

| de LI arx e
a® —x? 2a a—x
J dr LIo ‘—_ +C
x%—a? 2a g
dx
| > log | X+ x?—a® |*+C
X —da

dx

J = 2 2
,x2+a2 IOg|X+\/x +a |+C
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2 L 4
29) J2—a? gy= X o2 & ! ¢ b
JNmdde= g 2 LY T = [ fdes [
log | x + \/ﬁ |+c¢ E ¢ ¢ ‘
X 22 1Y i = fra-xdx
30) [Na? + g% dx= 5 N td + 5 log E 0 0
2 2 a a
X+ e re I 6 [ )y = 2] f(x)dx
Properties of definite integral E if f(x)isan even function
1) }f(x)dx — jf(t)dt E 7) [ fdx =0 iff (x) is an odd function
b : 8) b b
D i = —f fds | [ Feds - [fa+b=xax
a b 1 @ a
b b !
3) f[ f0)t g(x)] dx= Jrdx + [g(x)dx
a a a é

TEXTUAL QUESTIONS
B EXERCISE 2.1 NS

Integrate the following with respect to x

2
=] {(9"2)2 -209x% )(%}L(%) ] dx
[.- (@a—Db)?=a-2ab + b?]
= [ (81x4-72 + g) dx
X

L 3x+5 16
= f81x4dx—f72dx+f_4 dx + ¢
X
Sol : [\3X+5 dx = j(3x+5)%dx x*! x 4!
. =81 4+1—72X+16 Z 1+C
[..J'(ax_}_b)ndX:M_l_c] I
. a(n+1) [ g:16x—4]
X
(3x+ 5)%+1 N 3
s =812 Tx+16 X +c
3 l+1 5 =3
2 = ﬁx5—72x—£+c
(3x+5)% (3x+5)% 5 3x°
3. (3+x)(2-5x%) [Aug. - 2021]

S
2 2 Sol : [(3+x) (2-5x) dx
= (6 -15x + 2x — 5x?) dx
= (6 -13x - 5x?) dx

[ 6dx — [13x dx — [5x2 dx

2 3
= gx- 13X X ¢
2 3

4)2
Sol : J(9x2 __2) e
x

U O U TP

[
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4. Jx (x®-2x+3) 1
Sol:j& (x3= 2x + 3) dx 6. Ix+1+4+x-1

=[x (3-2x+3)dx 1

. | ————=dx
sol+ | o

Multiplying and dividing the conjugate of the
denominator we get

1 141 .
I (X3+2 _2x 2 +3x2jdx

= jx%dx — I2x%dx + J.3x%dx

| Nx+1—-+/x—1dx
_ o _2X51+3X?1 ‘e (\/x+1+\/x—1)(\/x+l—\/x—1)
Z+1 §+1 l+1 \/x+1—\/x—l
27 27 2 = )y &
= §_2§+3§+c [ (a+h) (a-b) =a*-b’]
E E E - J'VX+1_VX_1 dx = \/x-i-l—\/x—ldx
9 5 ‘ X+1- X +1 J 2
- ExE —2><—XE +,3/><—X7 +C _ lj 1)% 1)%) d
9 7 = 5 T (o)1) e
_ 20 8¢ o +e 3 3
9" 5 ) (=1
8x+13 R 3
NaAX+7 F .
= X+ —(x—1 :|+c
g B0 X3[( ) =(x=1)
Ndx+7 Z
8x+14-1 2(4x+7)—-1

B I\/4x+7 &= | Nax+7
(4x+7)

1
= [~ dx —]————dx
I\/4x+7 j\/4x+7

1
_ 2[4x+7dx —] dx
Nax+7

_ 2[(4x+T)dx —[(4x+7) " dx

7. Iff’'(x)=x+b, f(1)=5and f(2) = 13, then
find f (X)
Sol :Givenf’(x) =x + b, f (1) =5 and f (2) =13
f'(x) = x+b=Jf’(x)dx=](x+b) dx
[-. Integration is the reverse process of
differentiation]

2

1 X
(4x+7)"  (@x+" = f(0) = 5t bx + ¢ (1)

[KED

(4x+7)F  (4x+7)

() ()

|yt 7 (4x+7)?

- 2 +c

Givenf(l) = 5

2
= 5= LCip+c
-2 2

5 = Lib)+c =51 =pc
2 2

. Y A

+C 10-1 9
)6/3 2 = =b+c =>b+c= 5
- (4X+7)% B (4x+ 7)% e = 2b +2c=9 (2)
3 2 ¢
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Sol

SN EXERCISE 2.2 NN

Sol :

2

Alsof(2)=13= 13=2?+b(2)+c

= 13=2+2b+c
= 13-2 = 2b+c
= 2b+c = 11 ..(3)
2-B)—2b+2c = 9
-2b+-—c = -11

C=—
Substituting ¢ =-2in (3) we get
2b-2=11= 2b=11+2=2b=13
_13
)

= b

Substituting b = % ,c=-21in (1) we get,

x> 13

s —

f(x) = X—2

If f’(x) = 8 x3—2x and f (2)=8, then find f(x).

:Givenf’(x) = 8x3-2x, f(2)=8
f/(x) = 8x3-2x
= [f/(x) dx= [ (8x3-2x) dx
2
gxt 2y
= f(x) = 7—7+C
= f(x) = 2x*-x*+c (1)
Givenf(2) = 8
= 8 =2(2%-2%¢c
= 8 =32-4+c=8=32-4+c
= 8-28 =c
= c = =20
Substituting ¢ =-20in (1) we get.
f(x) = 2x*-x2-20

Integrate the following with respect to x.

g
(wfe
et g - (e |

[ (a=b)? = a2-2ab + b?] ,

L 4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

é

2.

Sol :

3.

Sol :

4.

Sol

j(Zx—2+2L)dx

X
2

75

1
XP—2X + 5 log x| +c

1
2X+5 log |x| + ¢

xt—x2+2
X—1

X4 3

XX log [x-1] + ¢
4 3

3

X
X+2
3
x 2 8
= —-2x+4-——|d
jx+2dx f(x * x+2)x
3 2
= X——Z7X+4x—8log|x+2|+c

3
5 —-x?+4x—-8log|x+2|+c

[ Ildx =log x| + c]
X

X2 -2x+4
X3
X2 1003 4Ony2

22
() 92 Mgy
4x
O4x +0)8
-8

x3 4 3x2 —Tx+11
X+5

¥ +3x% = 7x+11

3| dx

x+5

j(xz —2x+3—i)dx
x+5

x> Zx?

3 7

3
X? — X2 +3x — 4 log |x+ 5| +C

+3x—4log |x+5|+c
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X2 —2x+3 ! oCext6 A B C
T RSP T R (F1P(x=3) = XFL (x#1) X3
X9 Oy3 +0O5y2 - A2+2x+6 = A (X + 1) (X — 3) + B(x — 3)
—2x% —Tx : +C (x+ 1)
2%2 +10X 1 = Puttingx = -1,4-2+6 =B (-4)
! | = 8 =B(4) >B=-2
3x +11 1 Putting x =3 3+ X2
3x +15 ! 36+6+6=C(16) el [ _x2t2
(I ®) X = 48 =16C=C=3 7 4%
-4 I Putting x = 0, x3—x .
! 6 =-3A-3B+C X
3 ) 1 = 6 =-3A+6+3 ¥3 — x2
X+ ) | = 3A =3=A=1 2
(X—2)(x-3) Qv -20191 -
1
2 -8 11 1
Sol:JM=I(—+ )dx I 3x2-2x+5 .
(x=2)(x=3) x-2 x-3 :7- RTINS [Sep. - 2020; Aug. - 2021]
= —8log|x—2|+11log|x—3J+c | (X=1)(x* +5)
1
= 1llog|x—-3|-8log|x—-2[+c ' Sol : 3x? —2x+5 = A +Bx+c dx
' S e 3
Oy +0) ' (x=1)(* +5) xoboxts
y3 (B2 1
X° +7)5x 3X+2 _ A N B X | x40 . .
(x=2)(x-3) ~ x-2 x-3 || =] TR dxzjx_ldx+j 2+5dx
= 3Xx+2=A(X-3)+B (x-2) | * g
Putx =3 ! = log|x—1|+log|x* + 5| +c¢
9+2 =B(1)=B=11 ! /
Putx =2 | 120 = togl 0l + )
utx = X (X)
8=A(-1)>A=-8 : = log|(x2+5) (x=1)| +¢c
_ 1
L = _8 L : [.- log m + logn = log mn]
(X=2)(x=3) ~ X=2 X=3 || = log X}~ x?*+5x 5| +¢
1
1 2
6. Ax? 42X+ 6 [HY-2019] : 3x —2>2<+5 _ A1 N B;c+c
(X+1*(x-3) ! (x—l)(x +5) (x-1) (x +5)
4x% +2x46 ! = 3x% - 2x+5 = A (x? +5) +(Bx+ C) (x-1)
Sol: | —————_ax ; _
° J(x+1)2(x—3) | Putting x =1,
A n C ! 3-2+5 = A(1+5)
= 1+ >+ 3]dx ! = 6 = A®) = |[A=1
XL (x+1)” X | Putting x = 0,
S, 23 : 5 = 5AC
- 1
x+1 (x+1)2 x—=3 - = 5 = 5-C [-A=1]
' = C = 55 = -C=0
. 2 1
= log|x + 1| -2 [ (x+1) dx+3|og|x—3|+c: Putting x = -1,
—2+1 _
_ o (x+1) B ' 3+2+5 = A(6)+(C-B)(-2)
= log|x+1] 2T+3Iog|x 3[+c ! N 10 = 6A+2B—2C
_ B : = 10 = 6+2B+0
= log|x+1/+2(x+1)"+3log|x-3|+cC ! — 10-6= 2B=4=2B
= |og|x+1|+%+3|og|x_3|+c i =
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8. Iff’(x)=— andf(1)= =, then find f (X). e
X 4 b a -
— —, -, .. . — a )
Sol : Givenf'(x) = 1 [PTA-2] = [b>*dx- Ja*dx [.Jade—_10 a+C]
X b a” g
1 = - tc
= [f'x)dx = J; dx —logh —loga
b a”
= f(x) = loglxl+c .. = _logb + loga +cC
Also, f (1) = T we get _ -1 N ! te
4 T bYlogh  loga.d”
= T = logll+c 1 1
‘ T loga blogh C
a 10g a (0]
= T = [ log1l= 0] & &
4 3. (e*+1)32¢
Substitutingc = ™ in (1) we get, Sol : [ (e"+1)% e*dx = [ [()? + 2 (&) (1) + 17] e* dx
4 [ (a+b)? = a2 + 2ab + b?]
T
f(x) = Iog|x|+z = j(e2X+2eX+1)ede

SR EXERCISE 2.3 N

1.
Sol

Sol :

[ €3+ 262+ &%) dx [@".a"= am™ "
[e3 dx + 2 [e¥dx + [e* dx

So [ (eX+ 1)2edx = Je¥*dx + J2e dx + JeXdx

3x 2x
= ¢ +Ze
3 Z
eSx
e +eX+__ +c
3

Integrate the following with respect to x
e><Ioga + ealoga_ enlogx
:I(ex loga 4 gd loga _ en Iog><) dx

X a n
I(eloga +eloga _elogx )dx

+e*+c

. 47 (. T )

[ mlogn= logn™] o3% _ 3%
| 4. ———— [Aug. - 2021]
- _[(ax +a% = x") dx [-.- eloox = x] e~
= Ja*dx + Ja?dx -] x"dx B _ g3 o s
Sol: [——— dx= [ dx— | dx
X xn+l X x <
= a_|+at(x)= +c e e e
loga n+1l m
g [ y _[ = a* ] — J' e3x—x dx — J' e—3x—x dx [ a_ - am—n]
: - m
loga = JeXdx- Je*dx a
a” _exlogb ezx . Ay ”t o
T Xloga zx = - c= + € +C
exloga px 2 _a 5 1
a* —e*loeb PR,
J exloga b- 5
et +e”
X logb* 3x Sx 4x—x Ax+x
a —e e+ e e +e
= J————— dx *mlogn =lognm ! Sol: [———— dx =|
/ o84 p* L- J gl / ef+e” e’ +e "
ax - bx e4x e—x eX)
= dx glogx — y _
J. X . bx [ ] = J. . — dx
a® b
- dx _ e3x +eSx 4x
faxbx faxbx So Iﬁzfe“xdx: ¢ _ +c¢
é e +e 4
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Jcos2x+2sin2x - oy = ) -,
8. Iff/(x)=e and f(0)=2, then find f(x) [ cos 2x = cos™-=sin’)]

Sol : Given f’(x) = e

0052 X

cos® x+sin’ x

=  [f'()dx = JeXdx = J—/—————adx
[Taking integration both sides] cos X

= f(x) = e*+c ..(1) - f — dx = sec2x [ sSin2x + cos2x = 1]
Also, f(0) = 2 cos™ X
= 2 = e°+c¢ 082X + 2sin? X

_ So | /===~ = =[secxdx=tanx + ¢
= 2 = 1+c I cos2 X

_ . T [Hint: sin® + cos?x =
. 4 c = 1 sin? X cos® x [ ]
Substituting ¢ = 1 in (1) we get, 1

() = el Sol :J————db

Sln2 X COS2 X

SR EXERCISE 2.4 NSRS

Integrate the following with respect to x.

(sin2 x+ cos’ x) .
= s —d [1= sin’x + cos?x]
sin” x cos” x

si” x

= dx +_[

ﬁxﬂz/x cos’ x
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cos” x
sin? x M

1. 2cosX—3sin x + 4sec?x — 5 cosec? x

dx
Sol : | (2 cos x — 3sin x + 4sec?x — 5 cosec? x) dx

R ' = 2 Jcos x dx — 3fsin x dx + 4fsec?x dx - 5
6. (1__2) e | Jcosec?x dx
* | = 2(sinx) -3 (-cos x) + 4 tan X -5 (—cot X) + ¢
sol:Letlzj(l—iz).e(“l)dx ! = 2sinx+3cosx+4tanx+5cotx+c
X 12, sin®x
putx+1 =t ' Sol : [sin® dx
X ) . — . _ -3
on differentiating we get, 1__ dx =dt ! We know that. S;n3x _ 3 sinx 4.Sm )
2 ! = 4sin’x = 3sinx-—sin3x
. 1 . .
[ = Jetdt= et+c ! =  sinx = — (3sinx=sin3x)
A 1. _ 1 _ _
= o+ [ t=x+ ;] ! [sindxdx = 2 [(3 sinx — sin3x) dx
1 1
7. — ! 3. I
x (log x ! = Z [sinxdx—— [sin3xdx
(logx) ! 4 4
1 1
- 3X
Sol:LetI:f 2 dx ! = 3 — COS _l _cos +
x(logx) : " (—cos x) i 3 c
putlog x = ton differentiating we get, I ) -1
1 ! [ I'sinax dx = —cosax +c]
~dx = dt ! 3 1 “
X ! = —— COSX+ —+C0S 3X +C
1 ! 4 12
| = [t [-t=logx] | . 2
t o 3 €os2X +2sin” X [March - 2020]
I & \jitadts +C I cos? X
—2+1 ! )
1 1 | Sol : [C0S2x+2sin X
= —+Cc = —+¢C ] cos’ x
-1 t 1
1 | Icos X —sin? X+2sm X dx = sec?
= +C [ t=log [x]] ! cos2 X
log| x| 1
1
1
:
1
1
1
1
1
:
1
1
:
1
1
1
1
1
|
1
1
:
1
1
1
1
1
1
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Chapter

INTEGRAL

CALCULUS-II
Jl____ SNAPSHOT N

Geometrical interpretation of definite integral is the area under a curve between the given limits.
Integration helps us to find out the total cost function and total revenue function from the marginal cost.
Consumer's surplus & producer's surplus theory was developed by the economist Marshal.

1. Area of the region
y = f (x) between the limits X = a, x = b and
less below X axis is

b b
A= [-yds == [ f(x)de

a a
2. Area of the region bounded by x = f(y),
between the limits y = ¢, y = d with Y - axis
and the area lies to the right of Y-axis is

d d
A= [xdy = [ Sy
3. Areabounded by x = f(y) between the limits y

= ¢, Yy = d with Y-axis and the area lies to the
left of Y-axis is

A= jx@——{ﬂw@

4, Area between two curves fromx=atox=bis

A= [l - el

5. If cis the cost function, marginal cost function
MC = dac
dx
6. C=[(MO)dx+k
C
7. Average cost function AC = X’ X#0

|
1
1
1
I
I
1
I
1
1
1
1
1
1
1
|
1
|
1
1
I
1
1
1
1
1
1
1
1
1
|
1
|
1
1
I
1
1
1
1
1
1
1
1
¢

y| FORMULAE TO REMEMBER |\

bounded by * 8.

10.
11.

12.

13.

14.

15.

16.

17.

If R is the total revenue function, marginal

revenue function MR = d_

X
R= [(MR)dx+k

. R
Demand function P = ;, Xx#0

If 'P' denotes the profit function, then

P= [(MR - MC)dx+k

Total inventory carrying cost = CIJI(x)dx
,where 0

C1 — holding cost

T — time period

I(X) — Inventory on hand.

Amount of annuity after N payments

N
A= J pe dt

Elastlclty of demand n, = —pdx
X dp

Ey _x dy

Ex ydx

Consumer's surplus CS = J.f (x)dx — xy po

where f(X) is the demand functlon.

X0
Producer's surplus PS = Xxypy — _[ g(x)dx
where g(x) is the supply function. 0
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2. Findtheareabounded by thelinesy—2x—4=0,

TEXTUAL QUESTIONS

y =1,y =3 and the y-axis [HY-2019]
Sol: y—-2x-4=0
‘s:ﬁizaaiil X | 0 [-2
Y y | 4]0
1. Using Integration, find the area of the region
bounded the line 2y + x = 8, the x axis and the
lines X =2, x = 4. [PTA - 6]
0,4
Sol: 2y +x=8 ©.9
Y x |0 [8 3
I y=3
4.0 : y=!
(-2.0) x

Giveny—-2x-4 = 0
= y—-4 = 2x

= X = —

Given 2y+x = 8 Since the area lies to the left of Y-axis, with the

2y = 8-x limitsy=1&y=3.
1 3
y = 3 (8-x) Area = '!—xdy
Given limits arex =2 and x =4 30
Area of the shaded region between the given = I—(—)(y—4)dy
limits 1 \2
3
5 4 17 1 2
_ _ ol = [ta-ndy = ~|ay_L
A_jydx = j—(g—x)dx 2!( y)dy 2{ y=3 1
a 2
4 4 2 2
1 1 X2 1 3 1
— (8- = lgx-X =—[143)-=|-| 4)-—
2!(8 x)dx 2[8x XL 2[(() 5 0=
1 42 22 (., 9 1
- i _Z = —||12-2|-[4-=
_2[8<4) 2] [8(2) 2] H(-2)-(+-2)]
1”(24—9 8—1):|
1 S | [P U
= 5[(32—8)—(16—21)] 2|2 2
1[15 7] 178
1 = —|=-= I
= S[24-14] 212 2 2[2]
I =
= 5 (10) 2

. 47 (€ T )

A = 5sq. units.

[ ]
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3. Calculate the area bounded by the parabola * 4. Find the area bounded by the line y = X, the
y2 = 4 ax and its latus rectum. [Sep. - 2020] ' X-axis and the ordinates x =1, x = 2.
Sol: A% [PTA-4;QY-2019]
A Sol: y=x
% x | 1|2
1 ]2
A . Y
a > X y=x
0 x=2
2,2
g =1 (2, 2)
11
X
y? = 4 axis the right open 1 2
= y = +dax parabola.
The limits are from x=0to x =a
Given liney = X

. Area

orders@surabooks.com

2]1‘ydx = 2]{\/de
0 0

2]12\/;\/;62’)6
4\/;]i \/;dx

a 1
4\/;_[ x2dx
0

a

3

2
ada| =

3

2 1o

2( 3
dJaxZ| x2

3 0

3
8?(&—0)

%(aﬁ)

a

8 2 .
Ea 8. units

é

Sol:

The limitsare x =1, X =2
Since the shaded area lies to the right of Y-axis,
J.x dx =

2 2 2 2
'[y dx = N X_
1 1 2
1

22 17 , 1

2 2 2
_ 4-1_3 "

> 75 sq. units.
Using integration, find the area of the region
bounded by the line y — 1 = X, the X-axis and

the ordinates X = -2, X = 3.

Area =

y—1=x

-1

Givenlineisy-1=Xx=>y=x+1
Given limits are from X =— 2 to 3.
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In the diagram, the area from x = -2 to x = -1 4
lies below the X-axis and the area from X = -1 to 3 374
. . 1]y? 1 Z2[3
X = 3 lies above the X-axis. = R = ZX 3 y
.. Required Area 5 0
-1 3 1 3 0
:j—ydx+jydx:_Jydx+Jydx :l 4%_0 _ 1 4%
-2 -1 -2 -1 3 3
-2 3 b a 1 | 1
=jydx+jydx[-.-jf(x)dxz—jf(x)dx] =34 V4 = 34
-1 -1 a b 8
A = 3 Sg. units.

-2 3
= [ @+Ddr+ [ (x+1ar
-1 -1

(135
02(3)(5)3)

=0+ —+—+—= 7 sq. units.
AR

7. Find the area bounded by the curve y = x*> and
the line y = 4. [Aug. - 2021]
Sol: ¢

6. Find the area of the region lying in the first
quadrant bounded by the region y = 4 X2,

Xx=0,y=0andy=4. Since y = x?is symmetric

Sol: % about Y-axis, the required
= 4? 1
2 Area = 2dey
y =4 0
Wheny =x? = = \N
4 4 1
Area = ZJ\/;dy=2Jy2dy
0 y=0 X 0 0
4
1y
2
- 2|4
—+1
Givencurve Yy = 4x? is an open upward 2 0 .
parabola 2 [ % :|
= 2X—|y
= % = x? 3 0
The limits are fromy=0toy =4 — i|:43_03:|: ﬂ|:43:|
Since the shaded region lies to the right of Y-axis, 3 3

L 4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

b iy 4 (2)3 4 s
Required area = |xdy = |,/=d = —x|2 = —x2
; frar =] 5o : :
4 4 4 32
| 141 _4 32 .
:E_([Jydy = Ez.;yzdy A= 3><8 =3 sq. units.
é
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DIFFERENTIAL
EQUATIONS

i SNAPSHOT N

+ Anordinary differential equation is an equation that involves some ordinary derivatives

dy d’y
2

E’dx

geee

of a function y = f (x). Here we have one independent variable.

+ Sometimes a family of curves can be represented by a single equation with one or move arbitrary
constants. By assigning different values for constants, we get a family of curves. The arbitrary
constants are called the parameters of the family.

+ Solution of the differential equation must contain the same number of arbitrary constants as the order
of the equation. Such a solution is called General (complete) solution of the differential equation.

+ Thehighest order derivative present in the differential equation is the order of the differential equation.
Degree is the highest power of the highest order derivative in the differential equation.

+

+  Variable separable method

If in an equation, it is possible to collect all the terms of x and dx on one side and all the terms of y and
dy on the other side, then the variable are said to be separable f(x)dx = g(y)dy.

+ Homogeneous differential equations:
dy (%))
dx = g(x,y)
of the same degree in x and y.

+ Linear differential equations of first order:

is homogeneous differential equation if f(x, y) and g(x, y) are homogeneous functions

. : Ay
General form of linear equation of first order is o +Py=Q.
X

+ Second order first degree differential equations

2
a% + b% +cy = f(x) is the general form of second order first degree differential equations.
X x
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y POINTS TO REMEBER A

4+ \Variable separable method
Separate the variable x and y and then integrate.
+ Homogeneous differential equations
dy dv

Puty =vx, —=v+x—
dx dx

Then separate the variables v and x, integrate and finally put v = 2
X
Linear differential equations of first order

Solution of % +Py=Q where P and Q are functions of x is
X

y ejpdx = jQ ejpdx dx+c.

Also e/7% s known as Integrating Factor (I.F).

+ Second order first degree differential equations

d’y . dy
—+b—+cy= =
+ Ma—gtboot f(x) theny = CF + PI

[CF — Complementary function; PI — Particular integral]

Solution of CF

Nature of roots Complementary function (CF)
1) Real and different (m, #m,)

m, X
Ae 1" +Be™?"

2) Real and equal (m, = m, = m) (Ax + B)e™
3) Complex roots (a i) e™[A cos Bx + B sin Bx]

Where A and B are constants

Solution of Particular Intergral (P.I)

If f(x) = e* = ¢(D)y = e

1
Pl= ——e“ ¢(D)#0
¢(D)€ o (D) #
1
If 9(D) # 0, when D = a, then Pl = x- D) e
1 _ _ 2. ax
If (D) # 0, when D = a, then P = * o'(D)
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@

TEXTUAL QUESTIONS

SR EXERCISE 4.1 NN

1.

Find the order and degree of the following
differential equations.

; dy 3
1 —+2y=x
(i) I y

()& (2o

(i)
d? d
(i) dx—f= v
_d?
(iv) E{:o
3
d? dy d’y)?
v) &Y &_4rYir-g

Vi) @-y" Y =y"2+2y

N A
(vii) (dxj +y=x &0

Sol. (i) The highest derivative is first order and its

power is one
- order: —1, degree: —1
(i) The highest derivate is third order and its
power is one.
. order: —3, degree: — 1

2
(iii) Squaring both sides, we get d—zy] =y &
dx dx
The highest derivative is second order and

its power is 2.
.. Order is 2 and degree is 2.

The highest derivative is of third order and
its power is 1. Order is 3 and degree is 1.

(iv)

2 3.2
QW:_(@_Q]
di’ dx  di’

Squaring both sides we get,
d2 2 2 N §><2
2
[ —'; + y] = |:_ Q _ﬂ]
dx dx ) dy’

AT Py (dy &Y
e R kY ) Y e S

The highest derivate is of third order and its
power is 3.

~.Order is 3 and degree is 3.

(V)

. Y A

[ ]

Sol.

(Vi) -y Y=y’ 2+2y
= 4+/yﬂ2/—4y” = /yﬂZ+2y’
=4-4y"=2y
The highest derivative is of second order and its
power is 1.
.. Order is 2 and degree is 1.

3 1
v () =
i)
dy 3 x[%)—l
= 4y = &
b ()
dx

4
dy dy dy
— | +y|=|=x—=[-1
- (&) (&)= (z)
The highest derivative is of first order and its

power is 3.
. Order is 1 and degree is 4.

Find the differential equation of the following:
(i) y=cx+c-c® (i) y=c(x-c)?

(iii) xy =c? (iv) x> +y?=2a?

(i) Given equationisy =cx + ¢ —c? (1)
Differentiating with respect to ‘x” we get,
dy dy
= =¢()+0-0 = — =¢
i (1) e ..(2)

Substituting (2) in (1) we get,

3
y = X[ D) (D)D) which is the
dx dx dx

required differential equation.

(i) Given equation isy = c(x — c)? (1)
Differentiating with respect to ‘x” we get
dy
2 _2e(x -

e c(x—c) ..(2)
(1) +(2) gives
Y _cx-o) Jy _x-c
dy  2c(x—c) dy 2
dx dx

_ 2y _ .2y
X—C= & =Cc=x &

dx dx
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Sol.

Substituting the value of ¢ in (1) we get

y:
2\ 4
= 2
D (v
dx dx
dy
Y9 2
_ xdx y 4y .
SR
dx dx
3
dy 2o dy
— | = 4y |x—=-2
= Y dx y( dx y)
3
dy dy
— = 4yl x—-=2
= dx y( dx yJ
3
dy dy 2
— = 4xy| — |-8
= dx y(dx) Y
3
dy dy 2
— | —4xy| = [+8y" =0
~ (&)o@ )

(iii) Differentiating with respect to “x” we get,
d
P y()=0 [Product rule]
dx

dy
= x—+y=0
dx Y

which is the require differentiated equation.

(iv)

Differentiating with respect to “x” we get,

2x+2yﬂ=0
dx

Dividing by 2, we get,

dy
x+y—=0
4 dx
Form the differential equation by eliminating o

and B from (X — &)? + (y — B)? = r2.

(x—0)*+ (y=B)>=r? - (1)
Differentiating with respect to ‘x” we get,

d
20x - ) +2(y = B) =0 (or)

dx

d
(x=0)+(y-p) =" = -2)
X

Again differentiating with respect to x ,

L 4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
|
1
1
|
1
1
1
1
1
1
i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
|
1
1
1
1
1
1
1
1
1
1

é

4.

Sol.

d*y (dy ¥
1+(y—B)—§+(_y) -0
dx dx

2
v-pLL
dx

dZ
For convenience we use y’ = & andy” = —;}
dx dx
The above equation becomes,
(y-B)y =-(1+y?
1+y?
y-B = - y¥ )
Using (3) in (2) we get,
1 /2
-0y~ Dy g
y
1+y? |
(Or) (X - a‘) = ylr y (4)
Now using (3) and (4) in (1) we get
{a+y”) T {—a+yﬂq
Y =] =12
y y r (or)
1 !2 2
( +¥2) (y?+1) =r
(y")
(L+y?) = r?(y)?

2 2
J 2

is the required differential equation.

Find the differentiate equation of the family
of all straight lines passing through the origin.

[Govt.MQP-2019 ; March - 2020]
Let the equation of straight lines passing through

the origin be y = mx .. (1)
where m is the arbitrary constant

Differentiating with respect to ‘x” we get,

dy dy

—=m(l —=m . (2
dx 0= dx 2)

Substituting (2) in (1) we get,

(4
%)
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®

5.

Sol.

6.

Sol.

Form the differential equation that represents
all parabolas each of which has a latus rectum
4a and whose axes are parallel to the x axis.
Equation of the family of parabolas with latus
rectum 4a and whose axes are parallel to the
x-axis is (y — k)% = 4a(x — h)

[Where (h, K) is the centre of the parabola]
Differentiating with respect to ‘x” we get,

2(y—k)(%]: 4a(1):>2(y—k)(%)= 4a
(1)

Differentiating again with respect to x we get,

d’y dy dy
2(v k)| —= |+| = (2)==0 (Product rule
o >[dx2](dx)<>dx ( )
2 2
Goil 22 (2] 2o [Divided by 2]
dx? dx )
(4
K = & 2
y—-k = LZJ’ .. (2)
dx?

Substituting (2) in (1) we get,

(dy]
g A& ) (D _y,
@y |

dx?

= 22—

2 3
= 4a Q}z(@) =0 [Divided by 2]

dx? dx
d’y

3
dz}(%) =0
X

Which is the required differential equation.

= 2a

Find the differential equation of all circles

passing through the origin and having their

centers on the y axis.

Y

L 4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

é

Sol.

The circle pass through the origin. They have
their centres at (0,a)

The circles have radius a. So the equation of the
family of circles in given by x? + (y —a)? = a®

X2+y?-2ay+a? = a?
X2+y2 = 2ay . (1)
Differentiating with respect to x,
dy dy
2X+2y— = 2a—
y dx dx
X+ yi]—‘l);
= a = Q s (2)
Using (2) in (1) dx
X+ y%
24\2 =
X“ty 2y &
dx
dy dy
X2—== 4+y2— = 2xy+2y? —
dx y dx yrey
d
S -y = 2y
dx
dy 2xy
dx e yz

is the required differential equation of all circled
passing through origin and having their centers
on the y - axis.

Find the differential equation of the family of
parabola with foci at the origin and axis along
the x-axis.

Equation of family of parabolas with foci at the
origin and axis along the x-axis is

y? = 4a(x +a) ..(D)
[ the focus is at the origin its vertex will be
(-a, 0) and latus rectum is 4a]

Differentiating with respect to*x’ we get,

2y(%)=4a (1)

= Zy(%)z%l (2
(v _

Also 4 (dx]
d

= f(d—g:a -(3)
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+

+

Forward difference operator (A) = (Delta)
Ayn=y ,-y,n=0,1,2,...

Af(X) = f(x + h) — f(x), h is the equal interval of spacing

PROPERTIES OF OPERATOR A:

+

If ¢ is a constant then Ac =0
A is distributive = A (f(x) + g(x)) = Af(X) + Ag(X)

If  is a constant, then Ac - f(X) = ¢ - Af(X).

If m and n are positive integers then
A™ - AT (X)) = AT ()

ATHX) - 9001 =100 - Ag(x) +g(x)- Af(x)

A[f@q:=ﬂﬂ4ﬂﬂ—fu)Aﬂﬂ
g(x) g(x)-g(x+h)

A%y, =AY, =AY,

Ay =A% . - Azyn‘n =0,1,2...

Aty = Ay Ay =n=0,1,2,..

BACKWARD DIFFERENCE OPERATOR V (NEPLA)

+ 4+ + +

orders@surabooks.com

VY =Y Yo

Vhy =Vkly —Vkly . ,n=1,2,3...

Vi (x +2h) =1 (x + 2h) — f (x + h), h is the interval of spacing.
V' (x + nh) = V" f ().
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SHIFTING OPERATOR (E)
+ E[f(x)] =f(x,+h)
+ E2f(x) = E[f(x + h)] = f(x + 2h)
+ E"f(x) =f(x + nh) and E™ f(x) = f(x — nh).
PROPERTIES OF OPERATOR E
+ E[f,00+5L00+ - +f]=Ef () +Ef(X) +. . +Ef (X
+ E[c-f(X)]=c - E [f(X)] where C is a constant.
+ EM[E"f(x)] = E" [E™ f(x)] = E™" f(x)
+ If 'n’is a positive integer then,

E" [E™ f(x)] = f(X).
+ EEG)=EY)=Y,=E"Y,=V,
Relation between the operator A, V and E.
+ A=E-1
+ E(Af(X)=A"Ef(x)
_E-l

E

+ VvV

+ (1+A1-V)=1
+ AV=A-V
+ V=EIlA

IMPORTANT FORMULA TO REMEMBER
+ Af(X)=f(x+h)—f(x)

+ VX)) =f(x)-f(x=nh)

+ Efx)=f(x+h)

+ E"f(x) =f(x + nh)

NEWTON’S FORWARD INTERPOLATION FORMULA:

I UES)) ~1)(n-2
1 h) = nt MO 2y +n(n-1)(n-2)
y (x=x,+nh)y=y, + " + 5 Yo X

Ay, +. ..

NEWTONS BACKWARD INTERPOLATION FORMULA:

n n(n+1 n(n+1)(n+2
y (x=x,+nh)=y, + 5 Vyn+—(2:r ) V@N% V3y +...v

LAGRANGE’S INTERPOLATION FORMULA

(x—x)(x—x,)(x—x,) (x—x))(x—x,)(x—x,)

Y100 ) ) (o) 0 (o)) ()

(x=x)(x—x)-+(x—x,,)

(xn _XO)(xn _xl).“(xn X

t...0t

) I
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¢

BN EXERCISE 5.1 SR

1.

Sol.

Sol.

3.

Sol.

Evaluate A (log ax) [PTA - 6]
A (log ax) = loga (x +h)—log ax

B!

If y=x3-x2+x -1, calculate the values of y for
Xx =01, 2 3,4, 5 and form the forward
difference table.

whenx = 0,
y = 0+0+0-1=y=-1
whenx = 1,
y = 13-12+1-1=y=0.
whenx = 2,y=2%-22+2-1
= y = 8-4+1=y=5
whenx = 3,y=33-32+3-1
= y = 27-9+2=y=20
whenx = 4,y=43-42+4-1
= y = 64-16+3=>y=51
whenx = 5,y=53-52+5-1
- y = 125-25+4=y=104

Hence, the forward difference table is

X |y | Ay | A’y | Ady | Ay | Ay
0 -1
1 0 4 6
2 5 5 10 6 0
3 20 15 16 6 0 0
4 51 31 22
5 104 | 53
If h =1, then prove that (E™A) x3 = 3x* - 3x + 1.
[PTA - 4]
Givenh = 1
LHS = (E?A) x®
= AET(¥)
= A(x-h)® [ ELf(x)=f(x=nh)]
= A(x-1)® [.-h=1]
= X=1+1)P-(x—-1)°
[ Af(x)=f(x +h)—f(X)]
= x3-(x-1)°
= X-(x¥-3x2+3x-1)
[ (a—Db)®=a®-3a’b + 3ab? - b
= x3-x3+32-3x+1
= -3x+1
= RHS Hence proved.

*

é

4.
' Sol.

So

If f(x) = x% + 3x, then show that A f(x) =2x + 4

Given f(x) = x*>+ 3h
LHS = Af(x)
= f(x +h) —f(x)
= [(x+h)>+3 (x+h)] - [x*+3x]
= X Hh2+2xh+ 3¢+ 3h— x7 3K
= h?+2xh+3h
whenh=1,
LHS = 12+2x(1)+ 3(1)
= 1+2x+3
= 2X+ 4 =RHS.
Hence proved.
Evaluate A a4 M by taking ‘1’ as
(x+1)(x+2)| > N9
the interval of differencing. [Aug. - 2021]
. By partial fraction method
A LR
(+D(x+2) = %51 7 X2
- 1 A(x+2) B(x+1)
X+ HxF2)  (x+1xT2)
= Il=AX+2)+B(Xx+1)

whenx=-1,1=A[-1+2]=1=A
whenx=-2,1=B[2+1]=1=-B
B_

' (X+1 ) X+1 x+2

— A 1 1
(x+1)(x+2) X+1 Xx+2

1 1
- (x+1+1 x+1j (x+1+2_x+2j

[.- Af(x) =f(x + 1) - f(x)]

I Ty (b 1 ) whereh=1
X+2 X+1 X+3 X+2

S S B
X+2 X+1 X+3 x+2

2 1 1

x+2_x+1_x+3
2(x+1)(x+3)=1(x+2)(x+3)—=1(x+1)(x+2)
(x+1)(x+2)(x+3)
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* . ASy —
2(x2+4x+3)—(x2+5x+6)—(x2+3x+2) | A= 0
= 1
= E-1°y,=0
(x+1)(x+2)(x+3) ! ( )" Yo
_ 22X +8x+ - X" —5x— - X" —3x-2 | = (E5-SE*+10E3— 10E2+SE-1)y,= 0
X+1)(X+2)(x+3 !
( I I ) L= Y5 — 5y, + 10y, — 10y, + 5y, -y, = 0
1
2+ 8K 8K —2x" -2 | = 501-5(467)+10y,-10(421)+5(391) 363 = 0
(x+1)(x+2)(x+3) |
) 1 = 501 -2335+ 10y, 4210+ 1955 -363= 0
- 1
T (x+1)(x+2)(x+3) L= 10y, — 4452 =0
A{ 1 } 2 = 10y, = 4452
— R 1
4452
(x+1)(x+2) (x+1)(x+2)(x+3). . e 4459
. - . . X
6. Find the missing entry in the following table. | Since the population is given in thousands,
[PTA-1; Govt.MQP-2019] ! )
! population of the year 1911
x | 0 1 2 3 | 4 | =445x1000 = 4,45,000.
y 1 3 9 - 81 |,
Sol.Since only four values of f(X) are given, the , 8. Find the missing entries from the following:-
polynomial which fits the data is of degree 3. i
Hence fourth differences are zero. ! X 0 1 2 3 4 5
' Sol. Let the missing entries by y. and 'y [PTA-3]
\> (E-1'(y) = 0 " 4% UL
| ince only four values of f(x) are given, the
—(E*—4E3+6E2—4E+ 1)y, = 0 ' polynomial which fits the data is of degree 3.
— A+ ~ 0 | Hence fourth differences are zero.
= YT T T : LAY =0= (B-DYy, = 0
=81 —4(yy)) +6(9)-4(3)+1 = 0 : (E*—4E*+6E>—4E+ 1)y, = 0 (D)
1 .
= 8l-dy,+54-12+1 =0 v Putk=0in (1) we get,
1 Y - 4 : (E*—4E*+6E>—4E+ 1)y, = 0
= +54 — =
y3 : = y4_4y3+6y2_4y1+y0 =0
1
- 124 = 4y, : =VY,—4(15)+6(8)—4(y)+0 = 0
124 _ 60 +48 — -
- y, = =31, ! = y,—60+48 -4y, 0
4 | = y,—4y,—12 = 0
= Y= 31 L = V-dy, = 12 Q)
' tk=11n (1) we get
7. Following are the population of a district: | Pu i R 5
year () | 1881 | 1891 | 1901 | 1911 | 1921 | 1931 | ! (E*—4E°+6E°—4E+ 1)y, = 0
population | 363 | 391 | 421 | - | 467 | 501 |1 = Ys—4y,toy;—4y,+ty, = 0
(y) in L >35-4y,+6(15-4(8)+y,= 0
thousands L = 354y, +90-32+y,= 0
Find the population of the year 1911.  [PTA-4] | - —dy,+y, = 93 ..(3)
Sol.Since only five values of f(x) are given, the , (2) x4 — 4y,— 16y, = 48
polynomial which fits the data is of degree 4. : 3) - -4y, + y, = -93
1 .
Hence fifth differences are zeros. ! Adding, -15y, = 45

é

www.kalviexpress.in
orders@surabooks.com PH:9600175757 | 8124301000



This is Only for Sample for Full Book Order Online or Available at All Leading Bookstores
www.kalviexpress.in

Y.ﬁ Sura’s ™ Xl Std - Unit 5 " Numerical methods @
® 2. The following data relates to indirect labour
—45 : expenses and the level of output
= Y, = 15 3 ! Months Jan | Feb | Mar | Apr | May | June
: Units of | 200 | 300 | 400 | 640 | 540 | 580
= y, = 3 I Output
Substituting y, =3 in (2) we get, : ::g(l)rsrct 2500 | 2800 | 3100 | 3820 | 3220 | 3640
y,—43) = 12 | expense (Rs)
y,—12 = 12 : Estimate the expenses at a level of output of
N y, = 12+12 | 350 units, by using graphic method.
= y, = 24 | Sol.Plot the points (200, 2500), (300, 2800) (400,
. . . 1
Hence the missing entries are 3 and 24. ! 3100) (640, 3820), (540, 3220) and (580, 3640).
‘s:!a::aam : Scale:
1 Y71'| x axis 1 cm = 100 units
1. Using graphic method, find the value of ywhen | yaxis 1 oip ur(’::: i
x = 48 from the following data. [QY-2019] | 0 i N LT v
300,12800)_o— 3
x 40 50 60 70 |, T
y 6.2 7.2 9.1 12 |, e
Sol. :
i S ! 100 200 300 400 500 600 700
y4 | Scale: :
is 1 cm = 10 unit
;Zﬁii 1 Eﬁzzuﬁﬁ?—- i : At X = 350, draw a vertical line and from the
Beaa s € Q,——2)1|- i : intersecting point on the curve, draw a horizontal
_1n L E line.
(60, 9.1) : From the graph, we find that when X =350, y = 2900.
i Feh b : Hence, the expense at a level of 350 units is ¥ 2900.
y, 1
: (40, 6 ! 3. Using Newton’s forward interpolation
- 1 formula find the cubic polynomial.
. | x 0 1 2 3
| fx) 1 2 1 10
1
2 Ag i Sol. The forward interpolation formula is
; : » - n n(n—1)
10 2030 4050 60 70 i ! Yomxg+nm = Yo+ 7y Mot~ A%y, +
Plot the points (40, 6.2), (50, 7.2), (60, 9.1) and | n(n-1)(n-2)
(70, 12). At x = 48, draw a vertical line to the : T A3yo T
graph and from the intersecting point, draw a : Herex, +nh = x
1
horizontal line t t the y-axis
orizontal line to meet the y ! N x, = 0,h=1
From the graph, we find that when x = 48, the : 04N = X
value of'y is equal to 6.8. ! - n = x
1
¢
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/

PROBABILITY

DISTRIBUTIONS

y| MUST KNOW DEFINITIONS [N

+ Arandom variable X is said to follow Binomial distribution if its probability mass function is given by

P(X=x) =P(x)=)"C_p*q"™,x=0,12,..n;q = 1-p

0, otherwise

+ Arandom variable X is said to follow Poisson distribution if its probability mass function is given by

P(X=x)=

0, otherwise

+ Arandom variable X is said to follow normal distribution if its probability density function is given by

=y
) FORMULAE TO REMEMBER

—co < X < o,
—oo<u<oo’
6>0

The curve is unimodal.

The max probability occurs at x = p and it is
1

(52n'

p (u—o < X < u+oc) = 0.6826
p (U-20 < X < u+20) = 0.9544
p (u-30 < X < p+ 30) = 0.9973

Properties of Standard Normal Distribution :

. — 1 1

f(x;u,5) Gmexp{_a

Properties of Binomial Distribution : T +

+ Mean = np and variance = npq |+
+ For binomial distribution, variance < mean I
+ Binomial distribution is symmetrical if p=q=0.5. ,

+ Itis skew symmetric if p = q. | .

+ Itis positively skewed if p < 0.5. .

+ Itis negatively skewed if p > 0.5. : .
Properties of Poisson Distribution : |
+ Mean = Variance = A !

Properties of Normal Distribution : 1+
+ The curve is bell shaped and symmetrical about |
the line x = . I

+ Mean, median and mode of the distribution : .
coincide. !
+ X - axis is an asymptote to the curve. I
+ No portion of the curve lies below the X - axis. :
+ The points of inflexion of the curve are x=pu £ 6. |
I

Its probability density function is

Mﬂ:éE

_.2
e A,—oo<z<oo

The area under the standard normal curve is 1.

+ 68.26% of area lies betweenz=-1toz = 1.
+ 95.44% of area lies betweenz=-2and z = 2.
+ 99.74% of area lies between z=-3 and z = 3.
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TEXTUAL QUESTIONS

SR EXERCISE 7.1 S

1.

Sol:

Sol:

3.

Sol:

Define Binomial distribution.

A random variable X is said to follow binomial
distribution with parameter n and p, if it assumes
only non-negative value and its probability mass
function is given by

PX=x)=p(x) = | "C_p*q" ™ x=0,12,..n;
q=1-p
0, otherwise

Define Bernoulli trials.

Arandom experiment whose outcomes are of two
types namely success S and failure F, occurring
with probabilities p and q is called a Bernoulli
trial.

Derive the mean and variance of binomial
distribution.

The mean of the binomial distribution

n n n ,
E(X) = zx.p(x) = zx.(v)p‘q"
x=0 x=0 .
i n
- p. zx( )px—lqn—x
x=0 X
[Take p common]
- n I’Z—l x=1 n—x
PS4
— i n—1 x—1 n—x
RECAP 7 PR L
= np (q + p)™* [using binomial theorem]
(x+a)" =x"+"C x"1al+.. +a"
= np()™* [ p+qg=1]
= np
~.Mean = E (X)=np .. (1)
o n!
T (n=x)lx!
_ n(n—1)!
(n—x)! x(x—1)!
nr,-
= ;[ lcxfl:l

L 4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

é

Ans.

Ans.

Now, E(x2) — ixz '(n)pan—x
x=0 X
Y xx-D)+x} {”Jp*q"‘x
x=0 X
n n X _n—x
Zx(x -1 .(Z)pxq"_x + zx.(x)p 9

x=0
n(n—1 n-2 x=2 _n—x
(n-1) =y
x(x—1)\n-2

=ix(x—1)
2 s
= n(n—l)P {Z(X—

x=2

+ np (using (1))

n(n=1)p? (q+p)"* + np
[using binomial theory]
n(n-1)p?(1)+np  ~p+q=1
n(n-1)p?+np

Variance = E(X?) - [E(X)]?
= n(n-1)p*+np—(np)?
[From (1) & (2)]
= HZ/—np2+np—n2p{
= np (1-p) =npq
[.p+q=1=q=1-p]
~. Mean = np and variance = npq.

Write down the conditions for which the
binomial distribution can be used.

The Binomial distribution can be used under the
following conditions.

(i)  The number of trials ‘n’ is finite.

(ii) The trials are independent of each other.

(iii) The probability of success “p’ is constant
for each trial.

(iv) In every trial there are only two possible
outcomes namely success or failure.

Mention the properties of binomial

distribution.

(i) Binomial distribution is symmetrical if p
=q = 0.5. It is skew symmetric if p # Q.
It is positively skewed if p < 0.5 and it is
negatively skewed if p > 0.5.

(ii) For Binomial distribution, variance is less

than mean.
Variance = npq = (np)g < np
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6. If 5% of the items produced turn out to be * 7. In a particular university 40% of the students
defective, then find out the probability that , are having news paper reading habit. Nine
out of 20 items selected at random there are ! university students are selected to find their
(i) exactly three defectives [PTA-1; Aug. -2021] 1 views on reading habit. Find the probability
(ii) atleast two defectives : t!lat
. . (i) none of those selected have news paper
(iii) exactly 4 defectives . .
) find th d . 1 reading habit
(iv) find the mean and variance | (ii) all those selected have news paper
Sol: Given that probability of getting defective item 1 reading habit
1 eoe .
5 5 95 (iii) atleast two third have news paper
=5%=— =>(q=1p=1—-—="" . it.
p 100 q Y 100 100 | reading ha.b-1t . .
n=20 ! Sol: Let_the probability of student having reading
X)="C_p*q"* x=0,1,2...n ' habit
PeY =7C, P74 : p o= 40% = 04
(i) P(Exactly 3 defectives) | 100
5 V(95 X =q = 1-p = 1-04=06
5] (2) i
3100/ {100 - n=29
1
= ¢, (0.05)3 (0.95)* - (i) P (none of those who have selected
1
having reading habit)
— 20x19x18 3 5 s s !
o (005 (0:95°(0.95)°(0.95)°(0.99) ! - P(X=0)
= (60 x 19) (0.000125) (0.7738) (0.7738) , = 9C0 (0.4)° (0.6) ["Cp* q"* = p(x)
(0.7738) (0.9025) ! = (1) (1) (0.6)° n=9,x=0]
= 0.0509. : = (0.6)° [°C,=1]
(ii) P(atleast 2 defectives) : = 0.01008
=P(X=22)=1-P(X<2) | (ii) P (all those who have selected have
=1-[P(X=0)+P(X=1)] : newspaper reading habit)
= 1 - [2°C, (0.05)° (0.95)2 + 2C,(0.05)! | = P(X=9) [-p0)="C.p'q"™
197 1 _ 9 (Y | p
(0.95)*] , = °C,4(0.4)°(0.6) n=9,x=9]
= 1-1[(0.95)%° + 20 (0.05) (0.95)*9] | = (0.4)° [ 9(:9 =1]
= 1-[0.7359] = 0.2641. ! s
(iii) P (exactly 4 defectives) | (iii) Two thirds of 9 = 3 x9=6
= P(X=4) :320(34 (0.05)* (0.95)] : P(atleast two third have newspaper
/ £ | reading habit)
_ 20 x19x18x17 (00000625) (0.4402) | = P (atleast 6 have newspaper reading
Ax3x 72 x1 I habit)
= (15%17x19) (0.00000625) (0.4402) | = P(X =6)
YL 0133 : = P(X=6)+P (X=7)+P (X=8)+P(X=9)
o . . 1
(iv) Find the mean and Varlzsmce 100 ! - 9C6 (0.4)8 (0.6)3 + 9C7 (0.4)7 (0.6)2 +
Mean =np =20x—=— =1 I QCS (0.4)8 (0.6)1 + 9C9 (0.4)9 (0.6)0
1
100 100 | = (0.4)0 [°C, (o.e:;)3 + 29c7(o.4)(o.6%2
Variance = npq = 20xix£ =095 +9C%(0.4)°(0.6) + (0.4)]
100 100 | = (0.4)® [°C,(0.216) + °C, (0.144) +
| 9C1 (0.096) + 0.64
1 [ nCr - nCn_,.]
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Sol:

Sol:

W Sura’s ' Xll Std " Business Mathematics and Statistics

4 10. If 18% of the bolts produced by a machine

_ 6| Ix ){ x7 9% & are defective, determine the probability that
=04 { 5 Z (0.216) + Z (0.144) out of the 4 bolts chosen at random

+9(0.096) +.064]
=(0.4)5[18.144 + 5.184 + 0.864 + 0.064]
= (0.4)° [24.256] = (0.004096) (24.256)
. P (X=6)=0.09935
In a family of 3 children, what is the
probability that there will be exactly 2 girls?
[PTA-6]
Let p he the probability of getting a girl

5 [".-one favourable event and total no

of events is 2]

Lp=

:>q=1—p=1—% =%andn=3

". p (getting exactly 2 girls)

=P(X=2)
=3C (1)2 (l)l [ p(X):an px qn_x
2 2 n=3 and x = 2]

3 3
:3(1) =3x(l):3x l20.375.
2 2 8

P (getting exactly 2 girls) = 0.375.

Defects in yarn manufactured by a local
mill can be approximated by a distribution
with a mean of 1.2 defects for every 6 metres
of length. If lengths of 6 metres are to be
inspected, find the probability of less than 2
defects.

Mean = 1.2
np = 12,n=6
6p = 1.2
I
T
p=02=9q=1-02=0.8
p(x) = nc p*q"
x = 012,..6
p(x<2) = p0)+p(1)
= 6c,(0.2)° +(0.8)° + 6,
(0.2)! + (0.8)°
= (1) (1) (0.262144) + 6 (0.2)
(0.32768)
= 0.262144 + 0.393216
p(x<2) = 0.65536

Thus if length of 6 metres are to be inspected,
the probability of less than 2 defects is 0.65536.

L 4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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Sol:

11.

Sol:

(i) exactly one will be defective
(i)
(iii)
(@)

none will be defective
atmost 2 will be defective

P (Exactly one defective bolt)
= P(X=1)=P=18%=0.18
=q=0.82
= 4C1(O.18)l (0.82)3
= 4(0.18) (0.82)°
= (0.72) (0.5513)
P(X =1)=0.3969
P (none will be defective)
= P(X=0) p(x) =nC,_p*q"™
= 4C, (0.18)° (0.82)* n=4,x=0
= (0.82)* [4C,=1and (0.18)°=1]
P(X =0) = 0.4521.
P (atmost 2 will be defective)
= P(X<2)=P(X=0)+P(X=1)+P(X=2)
= 0.4521 + 0.3969 + 4C2(0.18)2 (0.82)?
= 0.849 + 6(0.18)? (0.82)?
= 0.849 + 0.1307 = 0.9797.
If the probability of success is 0.09, how many
trials are needed to have a probability of
atleast one success as 1/3 or more ?
Given probability of success p = 0.09

. q 1-p=1-0.09=0.91
n 1

1
Also P(atleast one success) = 3 or more

p(x) l’lC px n-x
n =4, x—l

@

(i)

1

L PX=>1) = —

( ) 3

= 1-P(X<1l) = %
= P(X<1) = 1- 1.2
5 3 3

= PX=0) = =

3

. 2

= nC p*q"™* = 3

Puttingx = 0,

o 2

nC, (0.09)° (0.91)"0 = 3

= (0.91)" = % = 0.6666

when (0.91) is multiplied 5 times we are getting
0.6240
~.h = 5ormore

Here number of trails are 5 or more.
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OPERATIONS
RESEARCH

y| MUST KNOW DEFINITIONS §

Transportation :  The objective of transportation problem is to determine the amount to
problem be transported from each origin to each destinations such that the total
transportation cost is minimized.

Feasible solution : A feasible solution to a transportation problem is a set of non negative
values X; i=12..mj=12 ... n) that satisfies the constraints.

Basic feasible : If a solution contains not more than m+n-1 allocations where m is the
solution number of rows and n is the number of columns then the solution is called
basic feasible solutions.

Optimal solution : Itisafeasible solution which optimizes (minimises) the total transportation
cost.

Non degenerate : It is a basic feasible solution contains exactly m+n-1 allocations in

basis feasible independent positions.

solution

Degeneracy :  If asolution contains less than m+n-1 allocations, it is called a degenerate

basic feasible solution.

Methods of finding » 1) North West Corner rule - (NWC)

basic feasible 2) Least Cost Method - (LCM)

solutions 3) Vogel’s Approximation Method (VAM)

Assignment : To assign the different jobs to different machines (one job per machine) to
Problem minimize the overall cost is known as assignment problem.

___Lifi"job is assigned to j™ machine
v {0, if i job is not assigned to j™ machine

@
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LPP form of
assignment problem

Decision making

m n
minimize Z = Z z Cij X;
i=1 j=1

subject to the constraints

n and Xij =Qorlforalli,j

A process of best selection from a self of alternative courses of action, which

is supposed to meet objectives up to satisfaction of the decision maker.

Types of decision
making

Maximum criteria

Minimax criteria

TEXTUAL QUESTIONS
S EXERCISE 10.1 QRN

1. What is transportation problem?

Ans. A transportation problem is to determine the
amount to be transported from each originto each
destinations such that the total transportation
cost is minimized.

2.  Write mathematical form of transportation

problem.
Ans. The objective function is minimize

m n
Z= Z Z Cij Xii subject to the constraints

" i=1j=1

Dx;=a,i=12,

J=1

m (Supply constraints)

2 -

inj =b,j=1,2,
i=1
X;j 2 0 for all i, j (non-negative restrictions)

...... n (demand constraints)

3.  What is feasible solution and non degenerate

solution in transportation problem?

Ans.Feasible Solution : A feasible solution to a
transportation problem is a set of non-negative
values X (i=1,2, n) that
satisfies the constraints.

?
1
1
1
1
i
I
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

¢

Ans.

Sol

(i) Decision making under certainty
(i) Decision making under uncertainty

Maximizes the minimum possible pay off (pessimistic decision criterion)

Minimizes the maximum possible pay off

Non - degenerate solution : If a basic feasible
solution to a transportation problem contains
exactly m + n =1 allocations in independent
positions, it is called a non degenerate basic
feasible solution.

What doyou mean by balanced transportation
problem?

If the total supply = total demand, then the given
problem is a balanced transportation problem.

Find an initial basic feasible solution of the
following problem using north west corner
rule.

D, D, D, D, Supply
0, 5 3 6 2 19
o, 4 7 9 1 37
0, 3 4 7 5 34
Demand 16 18 31 25

:Here, total supply =19 + 37 + 34 =90

Total demand =16 + 18 + 31 + 25 =90
i.e., Total supply = total demand

.. The given problem is balanced transportation
problem.

.. We can find an initial basic feasible solution
to the given problem.
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From the given table, we can choose the cell in ¢
the North west Corner. Here, the cell is (O, D,)

Reduced transportation table is

Now the cell in the north west corner is (O, D,)
min (18, 3) =3

e, x,=

1
| ! D, D, D, Supply
Xy, = Min (16, 19) = 16 | 0, (157 9 | 1 | 3722
1
D, D, D3 D, Supply ! O3 4 7 5 34
@ 150 31 25
(16) I
0, 5 3 |6 | 2 | 193 Now, the cell in the north west corner is (O, D,)
| :
. o X, =Mmin (15, 37) = 15
0, 4 ! 9 1 37 ! The reduced transportation table is
0, 3 4 7 5 34 D D
Demand ' : :
(o) 16/0 18 31 25 ! o, [@)g| 1 | 220
1
Reduced transportation table is : 9 ! > *
b, D, D, Suply | 31/9 25
0 ®)3 | 6 5 3/0 ! Now the cell in the north west corner is (O,, D)
. )
I o Xy = Min (31, 22) =22
0, 7 9 1 37 | The reduced transportation table is
0O, 4 7 5 34 .
1 D3 D4
18/15 31 25 I
:
1
1
1
[}
I
1
|
I
1
3

O,

Now the cell in the north west corner is (O,, D,)

9

25

. X3 =min (9, 34) =9
The reduced transportation table is

s 3

25
Thus, we have the following allocations
D, D, D, D,
0, (16) 5 33 6 2
0, 4 (15) 7 (22) g 1
0, 3 4 97 (25) 5
Demand 16 18 31 25
(b))

Supply (&)

19
37
34

34

= Transportation schedule is O,—D,, 0,—D,, 0,-D,, 0,—D,, O,—»D,, O,—D,.
Hence, the total transportation cost
= 16x5+3x3+15x7+22x9+9x7+25x5 =80+9+ 105+ 198 + 63 + 125 =% 580

Determine an initial basic feasible solution of the following transportation problem by north west

corner method

Bangalore Nasik Bhopal Delhi
Chennai 6 8 8 5
Madurai 5 11 9 7
Trichy 8 9 7 13
Demand 35 28 32 25
(Units / day)
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Sol :
Given transportation problem is

Bangalore Nasik Bhopal Delhi Capacity
Chennai 6 8 8 5 30
Madurai 5 11 9 7 40
Trichy 8 9 7 13 50
Demand 35 28 32 25
(Units / day)
I. allocation
Bangalore Nasik Bhopal Delhi Supply
Chennai (30) 6 8 8 5 30/0
Madurai 5 11 9 7 40
Trichy 8 9 7 13 50
Demand 35/5 28 32 25
[*.- min (35, 30) = 30]
I1. allocation
Bangalore Nasik Bhopal Delhi Supply
Madurai QN 11 9 7 40/35
Trichy 8 9 7 13 50
Demand 5/0 28 32 25
['.- min (5, 40) = 5]
I11. allocation
Nasik Bhopal Delhi Supply
Madurai (28) 11 9 7 35/7
Trichy 9 7 13 50
Demand 28/0 32 25
['.- min (28, 35) = 28]
V. allocation
Bhopal Delhi Supply
Madurai (N9 7 7/0
Trichy 7 13 50
Demand 32/25 25
[.-min(32,7)=7]
V. allocation
Bhopal Delhi
Trichy | 7 | 13 50/25
Demand 25/0 25

[ min (25, 50) = 25]
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Reg. No.
GOVT. SUPPLEMENTARY EXAMINATION | | | | | | |
August - 2021
Part - 111
Business Mathematics and Statistics (with answers)
Time ALLowep : 3.00 Hours] [Maximum Marks : 90
Instructions : ? 6. If the marginal revenue of a firm is constant, then
) ) o the demand function is
1.  Check the question paper for fairness of printing. ,
If there is any lack of fairness, inform the Hall ! (@ Cx) (b) MR (c) AC (d) MC
Supervisor immediately. :
2. Use Blue or Black ink to write and underline and , 7.  Ify = cx + ¢ — c® then, its differential equation is
pencil to draw diagrams 1 J dy 3 dy
1
PART - | L@ d—i:+y = (E) =5
Note : (i)  Answer all the questions. [20 x 1 = 20] : 2
(i)  Choose the most appropriate answer from the : (b)y=x Q y Q | Q
given four alternatives and write the option ! dx  dx dx
code and the corresponding answer. : 3
| dy _
o © —5=0
1. The rank of the unit matrix of order n is : I X
1
a) n+1l b) n-1 ! AN
@ n (b) @ y+(_y) N . 4
) n (d) n ! dx dx dx
A B 1 8. A homogeneous differential equation of the
1
A(0-7 0-3 dy _ Y ,
2. IfT= is a transition probability | form— = f(_) can be solved by making
Bl0-6 x . dix x
_ _ | substitution,
matrix, then the value of x is ! @@ x=vy (b) y=vx
(@ 0.4 (b)0.2 (c)0.7 (d)0.3 I () x=v (d) v=yx
! . 9. Consumer Price Index are obtained by:
3. I_3dx is ! (a) Marshall Edgeworth formula
X I (b) Paasche’s formula
-1 -3 | (c) Family budget method formula
@ 32 e (b) 2e ! (d) Fisher’s Ideal formula
) -1 : 10. For the given data, find the value of A3 Yo is
c) —+c¢ d —+4cC
© 2 @ 5 ! x | 5]6]09]1
1
1 I y 12 | 13| 15 | 18
4. Area bounded by the curve y = = between the |
X | @ 2 (b) 1 (c) -1 (d) O
o . 1
limits 1 and 2 is 1 11. Probability which explains x is equal to or less
(@) log 3sq.units  (b) log 2 sq.units \ than particular value is classified as
(c) log 4 sq.units  (d) log 5 sq.units : (a) marginal probability
. o (b) discrete probability
5. The demand and supply function of a commaodity , . -
- 2 o X (c) continuous probability
are P(X) = (x — 5) and S(x) = x* + x + 3 then the . .
A . . ! (d) cumulative probability
equilibrium quantity X, is !
1
é

@3 M5 (@ 1 d 2

e
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2. E[X-EX))%is PART - Il
(@ V(X) (b) E(X) Note : Answer any 7 questions. Question number 30
(©) S.D(X) d) E(X?) is compulsory. 7x2=14
2 -1 1
13. Iff inomial distribution B(n, =4 . .
3 orab|n04m|a distribution B(n, p) mean = 4 and 91. Find the rank of the matrix 13 1 —5|.
variance = 3 the probability, P(X > 5) is equal to : 11 1

22. The following information is the probability
distribution of successes.

@ (L] o (2

6 5 No. of Successes X=x | 0 1 2
3 3) 3 Probability P (x) 6 2 1L
11 22 22

14. Forty percent of the passengers who fly on a certain
route do not check in any luggage. The planes on
this route seat 15 passengers. For a full flight, what
is the mean of the number of passengers who do
not check in any luggage?

Determine the expected number of success.

d
23. Solve: d—y:aey

X
24. Find the value of Alog x

(@ 7.20 (b) 6.00 (c) 7.50 (d) 6.45 X x=0,1,2,3.4.5
15. A............ may be finite or infinite according as ' 25. If P(x) = {20 ,
the number of observation or items in it is finite or 0, otherwise
infinite. (i) P(X<3) (i) P(2<X<4).
() census (b) parameter 26. Integrate (3 + X) (2 — 5x) with respect to x.

(c) Population (d) none of these

16. “A random sample is a sample selected in such a
way that every item in the population has an equal
chance of being included” is said by :

(@) Karl Pearson  (b) Harper

(c) Dr. Yates (d) Fisher
17. In ... the heterogeneous groups are
divided into homogeneous groups.

(a) a stratified random sample
(b) systematic random sample
(c) non-probability sample

27. The mean of a bhinomial distribution is 5
and standard deviation is 2. Determine the
distribution.

28. Asample of 100 students is chosen from a large
group of students. The average height of these
students is 162 cm and standard deviation (S.D)
is 8 cm. Obtain the standard error for the average
height of large group of students of 160 cm.

29. State the different methods of measuring trend.

30. GivenU,=5;U, =25 U,=20, U, =15and
U, =35 Find A* U,

(d) asimple random sample PART - 111
18. The seasonal variation means the variations ' Note : Answer any seven questions. Question number
occurring with in 40 is compulsory. 7x3=21

(@) amonth 31. Show that the equations 2x +y = 5, 4x + 2y = 10
(b) anumber of years are consistent and solve them.
(c) aweek 32. Integrate &~ with tto X
. Integrate ——— with respect to x.
(d) avyear o .
19. E= 33. When the Elasticity function —= is . Find
(@) 1+V (b) 1+A E. x-2
() 1-V d) 1-A the function when x =6 and y = 16.

20. North-West corner refers to 34. Solve : ydx — xdy — 3x? yzexgdx =0.
(@) bottom right corner
(b) top left corner

(c) bottom left corner

(d) top right corner

35.

(3

N S
(x+1)(x+2)

interval of differencing.

Evaluate A{ } by taking ‘1’ as the
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